Abstract. We consider two disjoint and homotopic non-contractible embedded loops on a Riemann surface and prove the existence of a noncontractible orbit for a Hamiltonian function on the surface whenever it is sufficiently large on one of the loops and sufficiently small on the other one. This gives the first example of an estimate from above for a generalized form of the Biran-Polterovich-Salamon capacity for a closed symplectic manifold.
Introduction
One of the most important problems in symplectic geometry is to find a 1-periodic orbit of Hamiltonian equations. If such an orbit exists, it is natural to estimate the number of the orbits. A well-known problem in this area is the Arnold conjecture. It states in the homological version that the number of contractible 1-periodic orbits P (H; 0) for non-degenerate Hamiltonian function H on a closed symplectic manifold is greater than or equal to the sum of the Betti numbers. This problem was solved by using Floer homology (see [Fl] , [HS] , [On] , [FO1] , [LT] , [Ru] , [FO2] ).
Let us denote by M the unit cotangent bundle of T n or a Riemannian manifold with negative sectional curvature. Biran, Polterovich and Salamon [BPS] proved that there exists a non-contractible 1-periodic orbit for every Hamiltonian function on M that has large values on the zero section. In the case of a torus, their proof shows that the number of non-contractible 1-periodic orbits is greater than or equal to the sum of the Betti numbers of T n . This theorem was generalized to the case where the total space M is the unit cotangent bundle of a closed Riemannian manifold by Weber [We] . Kawasaki and Orita [KO] proved the case where M is the product of an annulus and T 2n and α is a homotopy class of a loop along the annulus. Niche [Ni] , Xue [Xu] and Kawasaki [Ka] also considered similar problems in various settings.
Note that the spaces considered in all of the above works are open symplectic manifolds. In this paper, we prove a result that contains the case of a closed symplectic manifold.
Let g and e be non-negative integers. We denote by (Σ g,e , ω) a compact Riemann surface of genus g and e boundary components with symplectic structure ω and by Σ (= Σ g,e ) its interior. Let l 0 and l 1 be disjoint and homotopic non-contractible embedded loops on Σ. Note that in this case l 0 and l 1 are bounded by an annulus (see Lemma 4.3). The area Area(l 0 , l 1 ) of the annulus enclosed by l 0 and l 1 is defined as follows. Consider the volume form on S 1 × [0, 1] defined by dp ∧ dq with respect to the coordinate chart (q, p) ∈ S 1 × [0, 1].
• If Σ = T 2 , define Area(l 0 , l 1 ) := 
where the infimum is taken over all smooth homotopies Ψ from l 0 to l 1 with S 1 ×[0,1] Ψ * ω > 0.
In the first case, the value of the area does not depend on the choice of Ψ , since Σ is [l 0 ]-atoroidal (see Example 2.3). Note that in this case, Area(l 0 , l 1 ) is not necessarily positive. In the second case, there are many choices of Ψ . Therefore, we choose the one which attains the least area from all the homotopies with positive area. We denote by P (H; α) the set of 1-periodic orbits for a Hamiltonian function H whose homotopy type is α. Then the following holds.
(1) There exists a 1-periodic orbit for H in class α = [l 0 ] −r ∈ π 1 (Σ).
(2) If Σ = T 2 (i.e., (g, e) = (1, 0)), then we have ♯P (H; α) ≥ 2. (3) If H is non-degenerate for every x ∈ P (H; α), then we have ♯P (H; α) ≥ 4.
Remark 1.2. In (1) and (2), the condition (1.1) can be weakened to inf S 1 ×Im(l 0 ) H− sup S 1 ×Im(l 1 ) H ≥ r · Area(l 0 , l 1 ). Indeed, we can use the technique in the proof of Proposition 3.3.4 in [BPS] . On the other hand, the condition (1.1) cannot be relaxed in (3). Remark 1.3. As a related problem to the above theorem, we can consider the number of periodic orbits in class α whose period is not necessarily one. Suppose that T ≥ 1. If H satisfies (1.1), T H also satisfies the condition. Applying the above theorem, we have a 1-periodic orbit x ∈ P (T H; α). Putting y(t) = x(t/T ), we observe that y is a T -periodic orbit for H in class α. Therefore we conclude that for every Hamiltonian function H ∈ H(Σ) with (1.1), there are infinitely many periodic orbits for H in class α (whose period is not necessarily one).
For a compact subset X of an open symplectic manifold (M, ω) and α ∈ π 1 (M ), Biran, Polterovich and Salamon defined a relative capacity by C BP S (M, X; α) = inf{c > 0 | ∀H ∈ H c (M, X), P (H, α) = ∅}, where H c (M, X) = {H ∈ H(M ) | inf
Then Theorem B in [BPS] in the case of the unit cotangent bundle U * T n of a torus can be rewritten as
Following their notation, we can rephrase our theorem by using the capacity:
where X and Y are two disjoint and compact subsets of a symplectic manifold M , α ∈ π 1 (M ) and papers stated above treat the case of open symplectic manifolds. The most typical case is a torus. In fact, the proof is more difficult than the other surfaces. The most difficult point is that a torus is not α-atoroidal. This turns out to be an obstruction to use Pozniak's theorem, which enables us to calculate the filtered Floer homology explicitly. However, this theorem is only applicable for α-atoroidal manifolds.
The idea to overcome this difficulty is to cut the torus and concatenate the so obtained annulus sufficiently many times. We consider the projection from the long annulus to the torus and define a Hamiltonian function G k on the long annulus by smoothing near the boundary the pull-back of H by the projection. Here, k refers to approximately the half of the number of concatenations. By an argument similar to [BPS] , we construct two functions H 0 and H 1 on the long annulus with H 1 ≤ G k ≤ H 0 and examine the commutative diagram induced by Theorem 2.9 (2):
By using Theorem 2.9 (3) and Theorem 2.10, we prove that σ H 1 H 0 is an isomorphism and that HF [a,b) 
Then we obtain a non-contractible 1-periodic orbit x for G k . Moreover, we can prove that the projection of x is a non-contractible orbit for H if k is sufficiently large, which is the desired conclusion. This paper is organized as follows. In Section 2, we set up notation and terminology and summarize without proofs useful properties of the Floer homology. In Section 3, we prove the existence of non-contractible orbits for a symplectic manifold that contains a symplectic submanifold symplectomorphic to the product of an annulus and an aspherical manifold. The proof contains the argument using the filtered Floer homology stated above. Section 4 provides a complete proof of Theorem 1.1. If g = 1 and e = 0, the proof directly follows from Theorem 3.1. If e = 0, we need to attach a long annulus to each component of the boundary of the surface. Then we can apply Theorem 3.1 to the obtained surface. In the case g = 1 and e = 0 (i.e., Σ = T 2 ), the concatenation argument stated above ensures that the proof is also attributed to Theorem 3.1. In Section 5, we consider possible generalizations of Theorem 1.1 to a higher dimensional torus. We show that the natural generalization using Lagrangian sub-tori does not hold true by giving a counterexample and then pose an alternative formulation. In Section 6, we summarize the basic properties of our relative capacity. In Section 7, we compare our capacity with the one defined by Kawasaki using invariant measures. also thanks to Professor Kaoru Ono for some comments. Especially, Morimichi suggested the author to study the topics around symplectic capacities and told me the problem on the BPS capacity of a torus. Also, the author is grateful to Tomohiro for comments that led to generalization to the torus case of Theorem 1.1 (3). This work was supported by the Program for Leading Graduate Schools.
Preliminaries
This section contains a brief summary of basic concepts in symplectic geometry and filtered Floer homology for α-atoroidal symplectic manifolds.
2.1. Atoroidal symplectic manifolds. Let (M, ω) be a symplectic manifold. For a Hamiltonian function H ∈ H(M ) := C ∞ c (S 1 × M ), the Hamiltonian vector field X H of H is defined by dH = −ω(X H , −). The flow of X H is denoted by ϕ t H and called the Hamiltonian flow of H and we call its time-one map the Hamiltonian diffeomorphism of H. A map x : S 1 → M is said to be a 1-periodic orbit for a Hamiltonian function H, if x satisfies the following differential equation referred to the Hamiltonian equatioṅ
In addition, the set of 1-periodic orbits for H in homotopy class α is denoted by P (H; α). A Hamiltonian function H is said to be non-degenerate for a 1-periodic orbit x if det(dϕ 1 H (x(0)) − 1) = 0 (i.e., the linear map dϕ 1 H (x(0)) : T x(0) M → T x(0) M has no eigenvalue equal to 1). Note that if we take a Darboux chart on M denoted by (q, p) , that is, ω is given by n i=1 dp i ∧ dq i , then the Hamiltonian equationẋ = X H (x) is written in the form:
We call a symplectic manifold (M, ω) aspherical if for every map u : S 2 → M the integral of ω over u vanishes: S 2 u * ω = 0. A symplectic manifold (M, ω) is said to be α-atoroidal if for every map u : S 1 → L α M considered as the map u : T 2 → M the integral of ω over u vanishes: T 2 u * ω = 0, where L α M stands for the loop space of M whose loops are in class α. More generally, we call a closed 2-form β ∈ Ω 2 (M ) aspherical (resp., α-atoroidal) if the integral of β over u vanishes, for every element u in π 2 (M ) (resp.,
where u : S 1 × [0, 1] → M is a map bounding z = u(−, 0) and x = u(−, 1). Note that A H is well defined because of the α-atoroidal assumption. An easy computation shows that the critical points of A H are exactly 1-periodic orbits for H in class α. We denote the set of the critical values of A H by Spec(H; α) := A H (P (H; α)).
Theorem 2.1. Let (M, ω) be a closed or open convex symplectic manifold with α-atoroidal symplectic form, where α ∈ π 1 (M ) and H ∈ H(M ). Then Spec(H, α) is a bounded subset in R whose measure is zero.
Proof. Use the argument in the proof of [Oh, Lemma 18 .11].
Lemma 2.2. Let β be an α-atoroidal closed 2-form M and β ′ be an
Here, π M and π N are the projections from M × N to M and N .
Proof. Take a map u :
Since M is α-atoroidal and N is α ′ -atoroidal, the right hand side of the above equality is zero.
Next, consider examples of α-atoroidal symplectic manifolds.
Example 2.3.
(1) Consider a Riemann surface Σ = Σ g,e . If Σ = T 2 , S 2 , then every closed 2-form β is α-atoroidal for any α ∈ π 1 (Σ). In particular, Σ is α-atoroidal and aspherical. (2) Let ω be a symplectic form on Σ and α ′ ∈ π 1 (Σ). Suppose that (N, ω ′ ) is an aspherical symplectic manifold with an aspherical first Chern class. Put M = Σ g,e × N and α = (α ′ , 0) ∈ π 1 (Σ) × {0} ⊂ π 1 (M ). Then the symplectic form ω ⊕ ω ′ and the first Chern class of M are both α-atoroidal and aspherical.
Proof.
(1) We show that u * β is zero for every smooth map u : T 2 → Σ. First, suppose that e = 0. In this case, since Σ is homotopic to a graph, β is exact, and hence, by Stoke's theorem, the integral u * β is zero. Next, suppose that e = 0. Note that g ≥ 2 by the assumption. By Proposition 1.6 of [Kn] (or by a more general Theorem 4.1 of [Sk] ),
where χ stands for the Euler characteristic number and G(u) the geometric degree of u defined by
where the infimum is taken over all w :
By definition, we have χ(T 2 ) = 0, χ(Σ) < 0 and G(u) ≥ 0. Hence we conclude that G(u) = 0. This implies that u is homotopic to a non-surjective map w. Let D ⊂ Σ \ Im(w) be a closed 2-disk and [a, b) . It is known to be isomorphic to the relative homology
Similarly, we define the filtered Floer homology for non-contractible 1-periodic orbits using a filtration given by the action functional. This version of Floer homology has been studied and used in several papers, for example, [BPS] , [Gü] and [KO] .
Definition 2.
4. An open symplectic manifold is said to be convex if there exists a compact symplectic manifold M with boundary ∂M with M \∂M = M and a Liouville vector field X (i.e., a vector field with L X ω = ω) defined on an neighborhood of ∂M such that X points outward along ∂M .
Remark 2.5. Note that the product of open convex manifolds is not necessarily convex (for example, Exercise 9.2.13 in [MS] ). Note also that the product of an open convex manifold and a closed symplectic manifold is not convex as can be seen in the next remark. However, the Floer homology of such a manifold can still be defined. Indeed, Frauenfelder and Schlenk [FS] defined Floer homology for symplectic manifolds with corners.
Remark 2.6. Let us show that the product of an open convex manifold (M 2m , ω M ) and closed symplectic manifold (N 2n , ω N ) is not convex with respect to ω = ω M ⊕ ω N . Indeed, suppose that there exists a Liouville vector field X pointing outward along ∂M × N defined on a neighbourhood
Although the left hand side of the first equality defines a non-trivial second cohomology class in H 2 (N ), the class of the right hand side of the second equality is zero. This leads to a contradiction.
From now on, we assume that (M, ω) is a closed or open convex symplectic manifold and that the symplectic form ω and the first Chern class c 1 (T * M ) are both α-atoroidal for a fixed non-trivial free homotopy class α in π 1 (M ).
Definition 2.7. Suppose that H ∈ H(M ) is non-degenerate for every 1-periodic orbit in α and that −∞ ≤ a < b ≤ ∞ satisfy a, b / ∈ Spec(H; α). We define a Z/2-vector space called the Floer chain complex by
There is a homomorphism ∂ :
). In addition, the formula ∂ • ∂ = 0 holds (see, for example, [Fl] ). Then we obtain a homology:
If H is degenerate, by a small perturbation we obtain a non-degenerate Hamiltonian function H ′ . We can prove that the isomorphism class of the Floer homology
By definition, the next proposition is obvious.
Proposition 2.8. Let H ∈ H(M ) be a Hamiltonian function with a, b / ∈ Spec(H; α). If the Floer homology is non-trivial, i.e., HF [a,b) (H; α) = 0, then there exists a periodic orbit x for H which satisfies [x] = α and a < A H (x) < b. Moreover, if H is non-degenerate, the number ♯P [a,b) (H, α) of such 1-periodic orbits is greater than or equal to the dimension of HF [a,b) 
The filtered Floer homology has good properties listed in the following theorem.
Theorem 2.9 ( [FH] , [CFH] , [BPS] , [Gü] ). Suppose that (M, ω) is an closed or open convex symplectic manifold and that the symplectic form and the first Chern class are α-atoroidal for a fixed non-trivial element α in π 1 (M ).
(1) (Monotone homotopy). Let H 0 , H 1 ∈ H(M ) be two Hamiltonian functions satisfying a, b / ∈ Spec(H i ; α) (i = 0, 1), and H 0 ≥ H 1 . Then we have a map
(2) (Functoriality). Let H 0 , H 1 , H 2 ∈ H(M ) be three Hamiltonian functions satisfying a, b / ∈ Spec(H i ; α) (i = 0, 1, 2), and H 0 ≥ H 1 ≥ H 2 . Then we have the following commutative diagram:
Assume that there exists a homotopy H s from H 0 to H 1 that satisfies the following: (1) is an isomorphism.
Although [FH] and [CFH] treat the contractible case, the proof goes through in this case as well. Other than the above, we also use a theorem first proved by Pozniak in the Lagrangian intersection context and by Biran, Polterovich and Salamon [BPS, Theorem 5.2.2] in the Hamilton Floer context for exact symplectic manifolds. This theorem is stated in [Gü] under the same condition as our case. A subset of the loop space P ⊂ P (H; α) is called a Morse-Bott manifold of periodic orbits if P satisfies the following conditions:
(1)
stands for the Levi-Civita connection with respect to a Riemannian metric compatible with ω.
Theorem 2.10 ( [Poz] , [BPS] ). Let (M, ω) be an closed or open convex symplectic manifold and suppose that the symplectic form and the first Chern class are both α-atoroidal and aspherical. Assume −∞ ≤ a < b ≤ ∞ and that P [a,b) (H, α) is a connected Morse-Bott manifold of periodic orbits. Then
The proof is exactly in the same way as in [BPS] .
Main results
We first state a more general theorem before we prove Theorem 1.1. Throughout this section, we assume that (M 2n , ω) is an closed or open convex symplectic manifold and that the symplectic form and the first Chern class are both α-atoroidal and aspherical for a fixed non-trivial element α in π 1 (M ). We fix a reference loop z : S 1 → M in α as in the previous section. Let N be a connected aspherical symplectic manifold and put W := (T 1 × [0, R] × N, ω W ), where ω W is a symplectic form given by ω W = dp ∧ dq ⊕ ω N with respect to the natural coordinate chart (q, p) ∈ T 1 × [0, R]. Fix r ∈ Z + and put C = rR.
Theorem 3.1. Suppose that there exists a symplectic embedding Ψ : W → M such that α = Ψ * ([t → (−rt, 0, * N )]) and that the reference loop z is given by z(t) = Ψ (−rt, 0, * N ), where
If M is open, we also assume the following condition:
where c H and c ′ H are constants depending on H defined by 3.13. Then there exist a < b < c such that HF [a,b) (H; α) and HF [b,c) (H; α) have a direct summand isomorphic to H * (W ; Z/2) and we have ♯P (H; α) ≥ 2. Moreover, if H is non-degenerate for every x ∈ P (H; α), then we have #P (H; α) ≥ 2b(W ) = 4b(N ), where b stands for the sum of Betti numbers over Z/2.
Note that by extending Ψ slightly, we may assume that the symplectic embedding is defined on W ′ := T 1 × [−τ, R + τ ] × N for some 0 < τ < R. In addition, if M is open, we may also assume that there exists a neighborhood U of the boundary ∂M satisfying the following conditions:
• H| U is zero.
• The condition (3.1) holds for every path u :
Proof of Theorem 3.1. Our goal is to prove the following proposition:
Proposition 3.3. There exist Hamiltonian functions H 0 , H 1 ∈ H(M ) and constants a < b < c satisfying the following conditions:
Let us confirm that Theorem 3.1 is established if we prove this proposition. By Theorem 2.9 (i) and (ii), we have a commutative diagram
where σ 0 = σ HH 0 and σ 1 = σ H 1 H . By (iv), σ 0 is injective. Therefore there is a Z/2-vector space V and the isomorphisms
hold. Here, we used (iii) in the second isomorphism. In the same way, HF [b,c) (H; α) has a direct summand isomorphic to H * (W ; Z/2). By Theorem 2.8, we have x, x ′ ∈ P (H; α) with a < A H (x) < b < A H (x ′ ) < b. This inequality shows x = x ′ , which gives ♯P (H; α) ≥ 2. Now, suppose that H is non-degenerate. Then again by Theorem 2.8, Lemma 3.4. There exists ε 1 with τ > ε 1 > 0 such that
where m X := inf
Definition 3.5. We choose a function µ ∈ C ∞ (R) satisfying the following conditions:
Remark 3.6. For example, we can define µ by
Definition 3.7. For m, S, ε ∈ R with m < S and ε > 0, define functions g m,S,ε , f m,S,ε ∈ C ∞ (R) by the following equalities (see also Figure 1 
Note that with these definitions we have
Note also that an easy computation shows the following estimates:
Lemma 3.8.
(
otherwise,
Fix constants a, b, c ∈ R which satisfies the following conditions:
One can confirm that a, b and c are well defined by Theorem 2.1 and the
3.2. The 1-periodic orbits for H 0 and H 1 in class α. First, let us examine the 1-periodic orbits for H 0 contained in Ψ (W ′ ), or the ones for Ψ * H 0 . If we denote a point in W ′ by (q, p, y), the Hamiltonian equation is
By the second and third equation, p = const = p 0 ∈ [−τ, R + τ ] and y = const = y 0 ∈ N . Then
Since q is a loop homotopic to the map S 1 ∋ t → −rt ∈ T 1 , then we have
With the notation
Note that the value of the action functional is equal to the y-intercept of the tangential line of the graph y = h 0 (x − R) at x = R − s i . By comparing the graph of y = h 0 (x − R) with l 1 : y = −r(x − R) + S 0 , we have A H 0 (x 1 0 ) < c (see Figure 2) . Similarly, by comparing the graph of y = h 0 (x − R) with l 2 : y = −r(x − (R − ε 1 )) + S 0 , l 3 : y = −r(x − R) + m 0 and l 4 : y = −rx + m 0 and using the convexity of h 0 , we have a < A H 0 (x 0 0 ) < b and b < A H 0 (x 1 0 ) < c. We used Lemma 3.8 (1) and (2) in the estimates.
Next, we consider the 1-periodic orbits for
By the second and third equation,
Since q is homotopic to t → −rt, we have h ′ 1 (p 0 ) = −r. Then p 0 = s i (i = 0, 1). Note that s 0 and s 1 are two solutions of h ′ 1 (x) = −r by (3.8). With the notation
Note that the value of the action functional is equal to the y-intercept of the tangential line of the graph y = h 1 (x) at x = s i . Then by comparing the graph of y = h 1 (x) with l ′ 1 : y = −r(x − ε 1 ) + S 1 , l ′ 2 : y = −rx + S 1 , l ′ 3 : y = −r(x − ε 1 ) + m 1 and l ′ 4 : y = m 1 , we have a < A H 1 (x 1 1 ) < b and b < A H 1 (x 0 1 ) < c (see Figure 3 ). We used Lemma 3.8 (3) and (4) in the estimates.
Finally, we examine the 1-periodic orbits for H i contained in M \ Ψ (W ′ ). Since H i is constant on M \(Ψ (W ′ )∪U ), every orbit contained in this subset is a constant loop, hence we only need to consider the orbits in U .
Proof. If − u * ω < c H ,
≤ m 1 − 1 < a by Lemma 3.8 (5) and (6).
by Lemma 3.8 (5) and (6).
Note that H i satisfies the condition of the above lemma and hence we have A H i (x) / ∈ [a, c] for every loop x contained in U . Summarizing the above argument, we have the following proposition:
Proposition 3.10. Every 1-periodic orbit x ∈ P (H i ; α) with a < A H i (x) < c is contained in Ψ (W ′ ) and written as
where q 0 ∈ T 1 , y 0 ∈ N and s j (j = 0, 1) are the solutions of the equation h ′ 1 (x) = −r. In addition, the values of the action functional can be estimated as
Proof of Proposition 3.3. Now we prove Proposition 3.3. First, Proposition 3.10 implies (i).
Second, we confirm (ii). By the assumption H| U = 0 and the definition of S 0 and m 1 , we have H 1 ≤ H ≤ H 0 in M \ Ψ (W ′ ). Then we only need to confirm the inequality in Ψ (W ′ ). If |p| ≤ ε 1 , we have
Third, we examine (iii). These isomorphisms are a consequence of the Theorem 2.10. We only prove that HF [a,b) 
is an isomorphism because the proofs are the same. It suffices to confirm that H i satisfies the assumption of the theorem. Observe that P [a,b) (H i ; α) is diffeomorphic to a closed manifold T 1 × N by Proposition 3.10. Since this manifold is homotopy equivalent to W , what is left is to show the following proposition:
Proposition 3.11. P i = P [a,b) (H i ; α) is a Morse-Bott manifold of periodic orbits.
Proof. Fix a Riemann metric g on M compatible with ω such that Ψ * g = dq ⊗dq +dp⊗dp+g N holds for some Riemannian metric g N on N compatible 
(t) = (q(t),p(t),ŷ(t)) ∈ T x(t) M along x:
(3.14)
where ∇ stands for the Levi-Civita connection of M . We only need to show that the space of 1-periodic solutions of the above equation has dimension dim P i = 1 + dim N (cf. [BPS, Remark 5.2 .1]). If x ∈ P i , by Proposition 3.10, Im(x) ⊂ Ψ (W ′ ) holds. Hence (3.14) is written aṡ
we havê p 0 = 0. This shows that the dimension of the solutions of (3.14) equals to dim P i .
Finally, we prove (iv).
Definition 3.12. We define H s/2 and H 1/2+s/2 ∈ H(M ) for 0 ≤ s ≤ 1 by
where l := (R − ε 1 )/2 and x + := max{x, 0} (see Figure 4) .
) holds for p, p 0 ∈ R n , where d stands for the distance function and B l (p 0 ) the closed ball with radius l centered at p 0 . Our goal is to confirm that for H s/2 and H 1/2+s/2 satisfy the two conditions (3.a) and (3.b) in Theorem 2.9 (3). The condition (3.a) is obvious.
By Lemma 3.9, we have A Hs (x) / ∈ [a, c] for every x ∈ P (H s ; α) contained in U and 0 ≤ s ≤ 1. In addition, H s is constant on M \ (Ψ (W ′ ) ∪ U ). We only need to examine the 1-periodic orbits contained in Ψ (W ′ ) and denote by P ′ (H s ; α) the set of such 1-periodic orbits. An easy calculation shows that P ′ (H s ; α) is written as
(3.15)
( 3.16) Note that the fourth condition in Definition 3.5 implies ε 1 = s 0 + s 1 and hence x 1 1/2 = x 0 1 and x 0 1/2 = x 1 1 holds. The value of the action functional of these orbits are estimated as (see also Figure 4 ) The proof of the case Σ = T 2 is more difficult than the others, because T 2 is not α-atoroidal. The proof is divided into three parts: (I) the case g = 1 and e = 0; (II) the case e = 0; and (III) the case Σ = T 2 .
First, we prove a differential topological lemma.
Lemma 4.1. Let l 0 and l 1 be disjoint and homotopic non-contractible embedded loops on Σ. Then there exists a smooth embedding Φ :
Proof. By the transversality theorem, we have a smooth homotopy u : S 1 × [0, 1] → Σ from l 0 to l 1 that is transverse to l 0 and l 1 . Then the subset u −1 (l 0 ∪ l 1 ) is a 1-dimensional submanifold without boundary on Σ. Denote each component by γ i (i = 1, · · · , N ). Set I = I(u) = {i | γ i is not contractible} and J = J(u) = {i | γ i is contractible}. If we cut Σ along l 0 and l 1 , then Σ is divided into two or three components.
We first prove that there is a smooth map v : S 1 × [0, 1] → Σ homotopic to u relative to the boundary and satisfying J(v) = ∅. Let j ∈ J be a minimal element in the sense that the closed disk D j enclosed by γ j does not contain any loops γ j ′ (j ′ ∈ J) other than γ j . Let U j be a contractible neighborhood of D j that does not intersect with any loops other than γ j . For simplicity, we assume that
By the relative homotopy exact sequence of the pair (Σ 1 , l 0 ), we have an exact Considering a tubular neighborhood of l 0 and using the flow of a vector field near l 0 oriented toward Σ 2 , we can construct a map u ′′ equal to u ′ on U c j ; homotopic to u ′ relative to U c j ; and satisfying u ′′ (U j )∩(l 0 ∪l 1 ) = ∅. Then we have ♯J(u ′′ ) = ♯J(u) − 1. By an induction on ♯J(u), we can construct a map v with ♯J(v) = 0.
Next we prove the following.
Claim 4.2. There exists a map w : S 1 × [0, 1] → Σ such that w(t, 0) = l 0 , w(t, 1) = l 1 and Im(w) ⊂ Σ k for some k ∈ {1, 2, 3}.
Proof. Observe that for every i ∈ I(v), γ i is homotopic to S 1 × {0}. Additionally, the degree of the map u
, we can prove that γ i intersects itself. In addition, if the degree is zero, u • γ i is contractible. This contradicts to the assumption that l 0 is non-contractible, since l 0 is homotopic to u • γ i . Now, we may assume that {γ i } is ordered in such a way that D i ⊂ D j holds wherever i < j, where D i stands for the annulus enclosed by γ i and S 1 × {0}. Since u(γ 0 ) = l 0 and u(γ N ) = l 1 , there is an i ∈ I(v) such that u(γ i ) = l 0 and u(γ i+1 ) = l 1 . The restriction of u to the annulus enclosed by γ i and γ i+1 gives the map w in the claim.
The lemma easily follows from the above claim. Recall that
holds and consequently the inclusion map
is an isomorphism. Here, z i corresponds to the homotopy class of each component of the boundary. We may assume that
By the above claim, we have z 1 = z ±1 2 . However, this happens only in the case (g k , e k ) = (0, 2). Therefore we conclude that Σ k is an annulus and the inclusion map gives the one desired.
Lemma 4.3. Let l 0 and l 1 be disjoint and homotopic non-contractible embedded loops on Σ and suppose that R := Area(l 0 , l 1 ) > 0. Then there exists a symplectic embedding Ψ :
Proof. By Lemma 4.1, there exists a smooth embedding Φ : S 1 × [0, R] → Σ with Φ(t, iR) = l i (t) (i = 0, 1) and R = Φ * ω. We denote by D the image of Φ. The two-dimensional compact manifold D has two symplectic forms: ω 0 = ω| D and ω 1 = Φ * (dp ∧ dq), where dp ∧ dq is a symplectic form on S 1 × [0, R] with respect to the coordinate chart (q, p). Since Σ is a two-dimensional manifold, ω 0 and ω 1 are considered as volume forms. By Banyaga's theorem [Ba] , for any two volume forms µ 0 and µ 1 of a compact manifold M with smooth boundary that satisfies
Proof of Theorem 1.1. (I) Case g = 1 and e = 0 : In this case, Σ is α-atoroidal (see Example 2.3). Therefore Lemma 4.3 and Theorem 3.1 give the desired conclusion.
(II) Case e = 0 : In this case, the symplectic form ω is exact and α-atoroidal. However, Σ may violate the condition (3.1). Therefore we take a larger symplectic manifoldΣ ρ containing Σ defined as follows (when ρ = ∞, Σ ρ is usually called the completion of Σ). Let X be a Liouville vector field pointing outward along ∂Σ defined near ∂Σ. Define a 1-form λ on ∂Σ by λ := ι X ω| ∂Σ . Then dλ = ω| ∂Σ and, in particular, λ is non-degenerate. Considering the flow of X, we can construct a symplectomorphism between a neighborhood of ∂Σ and (∂Σ × (−ε, 0], d(e r π * λ)) such that X(x, r) = ∂ ∂r , where we used the coordinate chart (x, r) ∈ ∂Σ × (−ε, 0] and π is the projection ∂Σ × (−ε, 0] → ∂Σ. Set (Σ ρ ,ω) as followŝ
An easy calculation shows that ω and d(e r π * λ) coincide on ∂Σ × (−ε, 0).
Let us prove thatΣ ρ satisfies the condition (3.1) if ρ is sufficiently large.
Suppose that u(−, 0) = z and u(−, 1) = x 1 , where x 1 ⊂ ∂Σ ρ . Since u goes through some component x 0 of ∂Σ, u is homotopic to u 0 ♯u 1 relative to the boundary, where u 0 (−, 0) = z, u 0 (−, 1) = x 0 = u 1 (−, 0), u 1 (−, 1) = x 1 and ♯ stands for the concatenation of two maps. Then we have
We used Stokes's theorem in the second equality. Since | u * 0 ω| ≤ r · vol(Σ) and [λ], α is not zero, we have lim ρ→∞ u * ω = ±∞, which proves (3.1).
By the assertion above and Lemma 4.3, we can apply Theorem 3.1 toΣ ρ and H extended by zero. Then we obtain at least two 1-periodic orbits for H onΣ ρ and the number of orbits is greater than or equal to four if H is non-degenerate. Since H is supported in Σ, all of the orbits are contained in Σ.
(III) Case Σ = T 2 : Taking into account of Moser's trick, we may assume that ω is a standard volume form ω = vol(Σ)dp∧dq, where (q, p) is a standard coordinate chart. For simplicity, we assume that vol(Σ) = 1. There seems to be two approaches: using the Floer homology on Σ; or taking a covering of Σ and using the Floer homology on the covering. In the first approach, we need to consider the Floer homology for non-atoroidal symplectic manifolds, since T 2 is not α-atoroidal. However this Floer homology is difficult to treat due to the non-vanishing of the Novikov ring. Therefore, we adopt the second approach. The proof is based on the following observation. For simplicity, we temporarily assume that l 0 (t) = (rt, 0). To use Theorem 3.1, we cut this manifold along l 0 . However, this operation may make us forget such an orbit shown in the following figure. Therefore we concatenate this annulus as many times as such an orbit can be captured and then we use the filtered Floer homology of this long annulus.
Let us state this more precisely. First suppose that [l 0 ] is represented by [t → (λ 1 t, λ 2 t)]. Take a matrix A ∈ SL(2; Z) such that
Since l 0 is an embedded loop, (λ 1 , λ 2 ) is a primitive element in Z 2 (cf. [FM, Proposition 1.5] ) and hence λ = ±1. By replacing A by −A if λ = −1, we may assume that λ = 1. Using the coordinate chart defined by (q ′ , p ′ ) t = A(q, p) t , we see that we only need to consider the case (λ 1 , λ 2 ) = (1, 0). Note that α = (−r, 0) in this case. Next, we define the Hamiltonian function
, where µ is the function given by Definition 3.5.
Lemma 4.5. Let a, b ∈ R, a < b. There exists k a,b ∈ Z + such that for every k ≥ k a,b and every x ∈ P (G k ;α), Im(x) ⊂ {|p| ≥ k} holds whenever
We prove this lemma by using the the following four lemmas. Proof. We calculate
Proof. We confirm that T l is well defined and surjective.
(Well-definedness). Let x ∈ Q k ± . By Lemma 4.6, Im(x) ∩ {±p ≤ 0} = ∅ holds. Therefore T l (x) satisfies the Hamiltonian equation of G k+l , and
(Surjectivity). Let x ∈ Q k+l ± . By Lemma 4.6, Im(x) ∩ {±p ≤ l} = ∅ holds. Then x ′ = (q, p ∓ l, q ′ , p ′ ) is contained in {±p ≥ 0} and hence satisfies the Hamiltonian equation of G k . Therefore x ′ ∈ Q k ± and T l (x ′ ) = x. An easy calculation shows the following lemma.
Lemma 4.9. For any a, b ∈ R with a < b, there exists k a,b ∈ Z + such that for every k ≥ k a,b , we have
Proof. Let k > S. By Theorem 2.1, A H k (Q k ± ) is bounded. Lemma 4.8 implies that if we take l ∈ Z + sufficiently large, then we have
This proves the lemma. Now Lemma 4.5 is nothing but a rewording of the above lemma. Let us return to the proof of Theorem 1.1. Put a ′ := m 1 − 1 and c ′ := C + S 0 + 1 (m 1 and S 0 are defined by (3.6)). Let k be a positive integer with k > k a ′ ,c ′ and define an open convex symplectic manifold by M k = {(q, p) ∈ T * T 1 | |p| < k + 2}. With this notation, G k is considered as a Hamiltonian function on M k . Let Ψ : S 1 × [0, R] → T 2 be a symplectic embedding given by Lemma 4.3. Take a liftΨ :
By taking k sufficiently large, we may assume Im(Ψ ) ⊂ M k and that G k satisfies the condition (3.1) on M k . By Theorem 3.1, we obtain a 1-periodic orbit x ∈ P (G k ;α) with a < A G k (x) < c. By (3.9) and (3.11),
By this inequality and Lemma 4.5 with a and b replaced by a ′ and c ′ , we have Im(x) ⊂ {|p| < k}. Since G k is equal to π * H on the domain {|p| < k}, π • x is a 1-periodic orbit for H in class α, which proves Theorem 1.1 (1). Now, let us move on to the proof of (3). Suppose that H is non-degenerate. The following argument was suggested by Tomohiro Asano. First, we prove ♯P (H; α) ≥ 3. Here, we consider a relative grading on the filtered Floer homology induced by the Conley-Zender index µ CZ . Since every map in Theorem 2.9 and 2.10 preserves the relative grading, we observe that HF
and HF [a,b) i+1 (G k ;α) has a direct summand isomorphic to H 0 (S 1 ; Z/2) and H 1 (S 1 ; Z/2) respectively. We consider the following long exact sequence.
By Theorem 2.9 (3), we have HF [a,c) * (G k ;α) = 0. We conclude that HF [b,c) i+2 (G k ;α) and HF [b,c) i+1 (G k ;α) also have a direct summand isomorphic to Z/2. Therefore, we obtain at least three 1-periodic orbits x i , x i+1 , x i+2 ∈ P (G k ;α) with µ CZ (x j ) = j (j = i, i + 1, i + 2). Since the projection π : M k → T 2 preserves the indices of orbits, we obtain three distinct 1-periodic orbits x i , x i+1 , x i+2 ∈ P (H; α).
Next, we prove that ♯P (H; α) is an even number, which implies that ♯P (H; α) ≥ 4. There is a one-to-one correspondence between the intersection of G = graph(ϕ 1 H ) and ∆ in T 2 and 1-periodic orbits for a Hamiltonian function on T 2 by the map (x 0 , x 0 ) → {ϕ t H (x 0 )}, where ∆ refers to the diagonal subset in T 4 . If {x(t)} ∈ α thenx(1)−x(0) = α, wherex is a lift of x to R 4 . Let ψ : T 4 → T 4 be a map defined by ψ(q, p, Q, P ) = (q, p, Q − q, P − p).
be a projection in the third and forth variables andf t : T 2 → T 2 × R 2 be the lift of the homotopy {f t :
The converse is given by a similar argument. This correspondence implies ♯G ∩∆ = ♯P (H; α). Now, sinceG is homotopic to T 2 × {0}, the intersection number of two subsetsG,∆ ⊂ T 2 × R 2 is zero. In addition, since H is non-degenerate,G and∆ intersects transversally. Therefore, ♯G ∩∆ is an even number.
Examples
First, we consider Remark 1.6 in the case Σ = T 2 = R 2 /Z 2 , N = T 2n−2 , l 0 (t) = (t, 0) and l 1 (t) = (t, R) (0 < R < 1). Then we have
If n = 1, this contains the result of Biran, Polterovich and Salamon [BPS] in the case of an annulus. If n ≥ 2, X and Y are codimension 1 submanifold. However, it seems to be natural to take X and Y to be Lagrangian tori. In this case, all arguments given in the proof of Theorem 1.1 for T 2 go through except for the construction of monotone homotopies. In fact, we can prove that the capacity is infinite.
Proposition 5.1. For every non-trivial homotopy class α ∈ π 1 (T n ) × {0} ⊂ π 1 (T 2n ) and w ∈ T n \ {0},
Proof. Choose β ∈ Z n with β · w = 0 and α = rβ for any r ∈ R. Define Γ ⊂ T n by Γ = {p ∈ T n | (p − w) · β = 0} and define a Hamiltonian function
, where k ∈ Z + and f is given by (3.5). Then we have P (H k ; α) = ∅ and inf
Indeed, the non-constant solutions of the Hamiltonian equation are written as (q(t), p(t)) = (q 0 + trβ, p 0 ), for some r ∈ R , q 0 ∈ T n and p 0 ∈ T n . By the assumption that α = rβ, we have P (H k ; α) = ∅.
As a related result, Polterovich constructed a Hamiltonian function on T 4 with a non-standard symplectic structure whose periodic orbits are all constant loops (see [Pol, Example 1.2] ).
We would like to pose the following problem (in fact, this is considered as a generalization of [BPS] in the case of unit cotangent bundle of a torus).
Problem 5.2. Let X = {(q, p) | p = 0}, Y = {(q, p) | p ∈ Λ} and α ∈ π 1 (T n ) × {0}, where Λ := {p ∈ T n ∈ |p| = R} (0 < R < 1/2). Then we have
By an argument similar to the proof of Theorem 1.1, we can confirm that there exists a 1-periodic orbit for every Hamiltonian function with inf S 1 ×X H − sup S 1 ×Y H > |α|R and sup S 1 ×M H < |α|R + inf S 1 ×X H. This fact partially supports the above statement.
Basic properties of C(M, X, Y ; α)
In this section, we summarize basic properties of the generalized BPS capacity. Most of the proofs are the same as in [BPS] . Assume that (M, ω) is a connected symplectic manifold. 
is injective, where ι is the inclusion M ′ → M . We regard M ′ as a symplectic manifold with symplectic form ι * ω. Then
Lemma 6.2. Let F, G ∈ H(M ) and put ϕ t = ϕ t F and ψ t = ϕ t G . Suppose that • ϕ 1 = ψ 1 , • ∃z ∈ M , two paths ϕ t (z) and ψ t (z) are homotopic relative to endpoints. Then for every x ∈ M , ϕ t (x) and ψ t (x) are homotopic relative to end points.
Proof. Choose a path γ : S 1 → M such that γ(0) = x and γ(1) = z. Let y ∈ M and defined {h t (y)} to be the concatenation of the two paths {ϕ t (y)} and {ψ 1−t (y)}. Then {h t (γ(s))} s∈ [0, 1] gives a homotopy between two loops {ϕ(x)♯(ψ(x)) −1 } and {ϕ(z)♯(ψ(z)) −1 }. By assumption, {ϕ(z)♯(ψ(z)) −1 } is contractible and so is {ϕ(x)♯(ψ(x)) −1 }, which completes the proof.
Note that the second condition is always satisfied if M is open. Proposition 6.3 (Displacement [BPS, Proposition3.3.2] ). Let X, Y ⊂ M be compact subsets and α ∈ π 1 (M ) a non-trivial class. Suppose that there exists a Hamiltonian function F ∈ H(M ) such that ϕ 1 F (X) ∩ X = ∅, P (F ; α) = ∅ and ϕ t F (z) = z (0 ≤ t ≤ 1) for some z ∈ M . Then C(M, X, Y ; α) = ∞. The same is true for Y .
Proof. We only prove in the case of X (the proof for Y is the same). Fix c > 0 and take an open neighborhood U of X with z / ∈ U and ϕ 1 F (U )∩U = ∅. Choose G ∈ C ∞ c (M ) such that supp(G) ⊂ U, inf X G + inf
Put f t = ϕ t F , g t = ϕ t G and h t = f t • g t . Since f 1 (U ) ∩ U = ∅, for every x ∈ Fix(f 1 ), we have x / ∈ U and [{h t (x)}] = [{f t (x)}] = α. In addition, Fix(h 1 ) = Fix(f 1 ) holds. Set ϕ t = (f 1 ) −1 • h t • f 1 and ψ t = g t • f t . Note that ϕ 1 = g 1 • f 1 = ψ 1 and that there is a one-to-one correspondence between Fix(h 1 ) and Fix(ϕ 1 ) given by x → (f 1 ) −1 (x). Since ϕ t (z) = z = ψ t (z), by Lemma 6.2, {ϕ t (x)} and {ψ t (x)} have the same homotopy type for every x ∈ Fix(ψ 1 ). Therefore [{ψ t (x)}] = [{ϕ t (x)}] = [{h t (x)}] = α for every x ∈ Fix(ψ 1 ). Since ψ t is the flow of the Hamiltonian function H t (y) = G(y) + F t ((g t ) −1 (y)) and inf S 1 ×X H − sup S 1 ×Y H ≥ c holds, we have C(M, X, Y ; α) ≥ c.
Proposition 6.4 ( [BPS, Proposition 3.3.4.] ). Let X, Y ⊂ M be compact subsets and α ∈ π 1 (M ). Suppose that inf S 1 ×X H−sup S 1 ×Y H ≥ C(M, X, Y ; α). Then P (H; α) = ∅.
Comparison to invariant measures
Kawasaki defined in [Ka] another relative capacity using invariant measures of a Hamiltonian flow. We start with a review of basic terminology. Let µ be a Borel probability measure on M . We say µ is invariant with respect to a family of homeomorphism {ϕ t } t∈ [0, 1] if µ(ϕ −1 t (A)) = µ(A) for every measurable subset A and t ∈ [0, 1]. Let X be a vector field on M . Denote by M(M, X) the set of Borel probability measures invariant with respect to the flow ϕ t of X. Take µ ∈ M(M, X) and define a first homology class ρ(µ, X) ∈ H 1 (M ; R), called the rotation vector, by Definition 7.1. Let A and B be compact subsets of M and l ∈ H 1 (M ; R). We define a relative symplectic capacity C P (M, A, B; l, α) by Proof. Let c > C(M, A, B; α). Suppose that H ∈ C ∞ c (M ) satisfies inf A H − sup B H ≥ c. Then there is a 1-periodic orbit x ∈ P (H; α). Put µ := x * (dt), that is, the pushforward measure of Lebesgue measure on S 1 by x. This is invariant with respect to ϕ t H and ρ(µ, X H ) =ᾱ, whereᾱ is the image of α by the Hurewicz homomorphism. Therefore, we have c ≥ C P (M, A, B; α). Proposition 5.1 or Example 1.2 in [Pol] together with the theorem below gives an example where C P (M, A, B; α) = C(M, A, B; α) does not hold. Theorem 7.3 ( [Pol] ). Let A be a compact subset of a closed symplectic manifold (M, ω). Assume that A is non-displaceable, i.e., A ∩ ϕ(A) = ∅ by any Hamiltonian diffeomorphism ϕ ∈ Ham(M, ω) and that there exists a symplectic isotopy {ϕ t } t∈ [0, 1] such that A ∩ ϕ 1 (A) = ∅. Put l = Flux({ϕ t }) and B = ϕ(A). Then for any positive real number p and any Hamiltonian function F : M → R such that inf A F − sup B F ≥ p, there exists a Borel probability measure measure µ invariant with respect to ϕ t F such that supp(µ) ⊂ supp(F ) and | l, ρ(µ, X F ) | ≥ p.
As a corollary of the above theorem, we have C P (M, A, B; l, α) ≤ |l(α)|.
Applying this inequality to T 2n , we have C P (T 2n , {p = 0}, {p = w}; w, α) ≤ | n i=1 w i α i |. This result contrasts to Proposition 5.1.
